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Abstract
The foldability of rigid origami has been widely studied and applied to
many engineering fields. In this article we introduce the statics of rigid
origami, find the form of stress and load, and prove the equivalence of
static rigidity and first-order rigidity. Another concept introduced here
is the pre-stress stability. We concern what is the stability of a creased
paper when it is rigid but not statically rigid and how would the pre-
stress contribute to the stability. The answer to these questions is also
linked with the second-order rigidity. A brief discussion on the numerical
methods to determine these rigidity concludes the article.
Keywords: stress, load, first-order rigidity, second-order rigidity
1 Introduction
Rigid origami is developed as a tool for effectively transforming a two-dimensional
material into a three-dimensional structure, hence most of previous studies focus
on the kinematics and mechanical properties of rigid-foldable creased papers.
However, in this article we are considering the statics and stability of a creased
paper: Is it statically rigid under a certain equilibrium load? If it is, what is
the stress inside the creased paper? Is a creased paper stable even if it is not
statically rigid? How would a pre-stress change the stability? The answer to
these questions on statics are linked with the kinematics: first-order rigidity and
second-order rigidity. The theoretical results presented here will be instructive
in the design of rigid origami structures that carry load.
The relation of concepts, as well as a simple example on static rigidity and
pre-stress stability are presented in the figure below. In (a) we show the rela-
tionship among several kinds of rigidity introduced in this article. Specifically,
the first-order rigidity is equivalent to static rigidity, which implies pre-stress
stability, which implies second-order rigidity, which implies rigidity, but none
of them is reversible. (b) is a tetrahedron surface. From the perspective of
multi-body mechanics, for (b) under any load applied, there would be a set of
stresses generated to keep the creased paper in equilibrium, hence we say it can
resolve any load, i.e. is statically rigid. Here we claim that the load applied
∗zh299@cam.ac.uk, sdg@eng.cam.ac.uk. Department of Engineering, University of Cam-
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Figure 1: (a) shows the relation among concepts on rigidity for a creased paper.
The first-order rigidity is equivalent to static rigidity, which implies pre-stress
stability, which implies second-order rigidity, which implies rigidity, but none
of them is reversible. (b) is a tetrahedron surface, which is statically rigid and
can resolve any load. (c) is stable with a positive self-stress but not statically
rigid. Any first-order flex will make the energy increase. We show the direction
of first-order flex as dρ. (d) is a degree-4 vertex with the sum of sector angles
less than 2pi, it can only resolve some loads. The centre vertex is also labelled
as A. Since the creased paper is rigid-foldable, when not being able to resolve
a load it cannot maintain the configuration.
on a creased paper is a pair of opposite torques applied on two panels incident
to each inner crease, which will be explained later. (c) is a tetrahedron surface
with one face triangulated. We show the direction of first-order flex by dρ.
Although this rigid creased paper would be ”shaky” along this first-order flex,
this configuration reaches a strict local minimum of the energy function defined
with a positive self-stress, therefore it will not deform greatly with a pre-stress
when crafted in real world. Such creased paper is called pre-stress stable. The
first-order flex induced from a load that can be resolved will make the energy
function decrease. (d) is a degree-4 single-vertex with centre vertex A, the sum
of sector angles is less than 2pi, and the creased paper is rigid-foldable. Only
some loads can be resolved. We show a load that will change the configuration
of the creased paper.
Before we proceed, it is worth mentioning that in rigidity theory there have
been similar studies on the statics [1] and pre-stress stability [2] of bar-joint
frameworks, and we find a good correspondence of rigid origami with bar-joint
framework, which verifies our theory.
2
2 Modelling
In this section we will briefly present some basic definitions on rigid origami.
The detailed version is provided in [3].
Definition 2.1. A paper P is, roughly speaking, a polygonal mesh in R3 that
allows contact of different parts but does not allow crossing. Each polygon is
called a panel. A crease pattern C is a simple straight-line graph embedded on
the paper, that contains all the boundary of these panels. A crease is an edge
of C without the endpoints, and those endpoints are called vertices. A vertex or
crease is inner if it is not on the boundary ∂P , otherwise outer ; and a panel is
inner if none of its vertices is on the boundary ∂P , otherwise outer. A creased
paper (P,C) is a pair of a paper P and a crease pattern C.
Definition 2.2. A rigidly folded state of a creased paper (P,C) is a pair (f, λ),
where f is an isometry function excluding Euclidean motion that maps (P,C)
to another creased paper (f(P ), f(C)) and preserves the distance; λ is the order
function that defined on a pair of non-crease contact points describing the order
of stacking locally, since even rigidly folded states with the same isometry func-
tion might have different stacking sequence. A rigid folding motion is a family
of continuous functions mapping each time t ∈ [0, 1] to a folded state (ft, λt).
The continuity of ft is defined under the supremum metric, ∀t ∈ [0, 1], ∀ > 0,
∃δ > 0 s.t. if |t′ − t| < δ
sup
p∈S
||ft′(p)− ft(p)|| <  (2.1)
The continuity of λt is to guarantee the rigid folding motion to be physically
admissible. If there is a rigid folding motion between two different folded states
(f1, λ1) and (f2, λ2), (f1, λ1) is rigid-foldable to (f2, λ2), and the creased paper
is rigid-foldable. If (f, λ) is not rigid-foldable to any other folded state, this
folded state is rigid. If there is only one rigidly folded state, the creased paper
is globally rigid.
When discussing the rigid-foldability of a given creased paper (P,C) where
the sector angles α are fixed, we choose to use folding angles ρ to describe
a rigidly folded state (ρ, λ). The collection of all possible (ρ, λ) is called the
configuration space {ρ, λ}P,C . Similarly, a set of folding angles might correspond
to several stacking sequences, but we usually focus on the folding angle space
{ρ}P,C and only check the order of stacking if necessary.
The constraints on {ρ}P,C include the consistency and boundary constraints
[4, 5]. The consistency constraints show when a set of folding angles is a valid
configuration, which are derived from the rotation and translation of local co-
ordinate systems on each panel near a vertex or a hole (Figure 2). This is
the sufficient and necessary condition for a set of folding angles to be an ele-
ment of the configuration space if allowing the self-intersection of panels, then
the boundary constraints exclude the self-intersected solutions that satisfy the
consistency constraints.
The local coordinate systems are built in the following way: (a) Around a
vertex surrounded by n panels (called a degree-n vertex, Figure 2(a)), a local
coordinate system is built on each panel Pj (j ∈ [1, n]), whose origin Oj is on the
centre vertex, x-axis is on an inner crease, pointing outside the centre vertex,
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Figure 2: (a) and (b) show the rotation and possible translation of local co-
ordinate systems around a degree-5 vertex and a degree-5 hole. Note that (a)
has one boundary component and (b) has two boundary components. We don’t
need to consider the consistency constraint around the outer boundary because
it is naturally satisfied (Definition 2.3).
z-axis is normal to the panel. The direction of all z-axes of local coordinate
systems are consistent with the orientation of the paper and hence consistent
with the definition of the sign of folding angles. Specifically, the transformation
between local coordinate systems of Pj−1 and Pj is a rotation αj along zj−1, and
a rotation ρj along xj . After a series of rotation the coordinate system returns
to the one on Pn. The matrix form of transformation is given in equation
(2.2). (b) Around a hole surrounded by n panels (called a degree-n hole, Figure
2(b)), we build the local coordinate systems similarly. Each origin Oj is on a
boundary vertex of this hole, x-axis is on an inner crease, pointing outside the
centre vertex, z-axis is normal to the panel. The transformation between local
coordinate systems of Pj−1 and Pj is a translation [lj cos γj , lj sin γj , 0] measured
in the coordinate system built on panel Pj−1, followed by a rotation βj along
zj−1, and a rotation ρj along xj . The matrix form is given in equation (2.3).
Definition 2.3. Given a creased paper (P,C), WP,C is the solution space of
the consistency constraints given in equations (2.2) and (2.3), where every ρj ∈
[−pi, pi].
(1) At every inner degree-n vertex: (Figure 2(a))
Rn(ρ) =
n∏
1
 cosαj − sinαj 0sinαj cosαj 0
0 0 1
 1 0 00 cos ρj − sin ρj
0 sin ρj cos ρj
 = I (2.2)
where αj is between axes xj−1 and xj (2 ≤ j ≤ n), α1 is between axes
xn and x1. T is formed by post-multiplication. Only three of the nine
equations are independent, which are in different columns and rows.
(2) At every degree-n hole (Figure 2(b)) (If the Euler Characteristic is 2 or 1,
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there is no such constraint),
Tn(ρ) =
n∏
1

cosβj − sinβj 0 lj cos γj
sinβj cosβj 0 lj sin γj
0 0 1 0
0 0 0 1


1 0 0 0
0 cos ρj − sin ρj 0
0 sin ρj cos ρj 0
0 0 0 1
 = I
(2.3)
where βj is between axes xj−1 and xj (2 ≤ j ≤ n), β1 is between axes xn
and x1. βj is a linear function of all the sector anglesα. [lj cos γj , lj sin γj , 0]
(1 ≤ j ≤ n) is the position of Oj measured in the local coordinate system
for panel Pj−1. T is formed by post-multiplication. Only six of the sixteen
equations are independent. Three of them are in the top left 3×3 rotation
matrix, the other three are the elements from row 1 to row 3 in column 4,
which are automatically satisfied if the inner creases are concurrent.
The consistency constraints may not include every folding angle, so we define
W˜P,C as the extension of the solution space WP,C to include the folding angles
not mentioned in WP,C , also with range [−pi, pi]. NP,C is the collection of all
the solutions that do not satisfy the conditions for order function λ, i.e. panels
self-intersect.
Proposition 2.1. [4, 5]
{ρ}P,C = W˜P,C\NP,C (2.4)
From Definition 2.3, the consistency constraints are derived from the consis-
tency of panels around an inner vertex or a hole, therefore we define:
Definition 2.4. Given a creased paper (P,C), for each inner vertex v, the
restriction of (P,C) on all panels incident to v forms a single-vertex creased
paper. v is the centre vertex (Figure 2(a)). Similarly, consider a hole with
boundary h, whose incident inner creases are not concurrent. The restriction
of (P,C) on all panels incident to h forms a single-hole creased paper (Figure
2(b)). If the inner creases incident to a hole are concurrent, we still regard it as
a single-vertex creased paper, whose centre vertex is the intersection of its inner
creases. A single-vertex or single-hole creased paper is called a single creased
paper.
3 First-order Rigidity
Consider the first-order derivative of equations (2.2) and (2.3),
∂Rn
∂ρj
=
 0 −cj bjcj 0 −aj
−bj aj 0
 (3.1)
∂Tn
∂ρj
=

0 −cj bj
Oj × pjcj 0 −aj
−bj aj 0
0 0 0 0
 (3.2)
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Figure 3: An example creased paper. The labelling of vertices, direction vectors
of each inner crease pi (1 ≤ i ≤ 11) and position of vertices on boundary of
the hole Oj (j = 4, 8, 9, 11) in the global coordinate system are provided in (a).
The labelling of folding angles is provided in (b).
For each single creased paper, pj = [aj ; bj ; cj ] is the direction vector of inner
crease ρj measured in the global coordinate system, pointing outside the single
creased paper. For a single-hole creased paper, Oj is the position of vertex on
the hole incident to ρj measured in the global coordinate system. The derivation
is shown in Appendix B.
With the first-order derivative, it is possible to write the error of consistency
constraints when there is a perturbation of folding angles at a rigidly folded
state (ρ, λ) (take Tn as example). The first-order error can be regarded as the
sum of rotation around each inner crease and the sum of displacements around
each hole, which are illustrated in Figure 4.
Tn(ρ+ δρ) =
n∑
1

0 −cj bj
Oj × pjcj 0 −aj
−bj aj 0
0 0 0 0
 δρj +O(δρ2) (3.3)
From equations (3.1) and (3.2), only choosing non-diagonal elements from
each equation (2.2) or from the top left 3×3 of (2.3) could result in a valid first-
order derivative, which corresponds with the direction of “speed” for this system.
Therefore we choose elements {(3, 2), (1, 3), (2, 1)} as independent constraints
from each equation (2.2) and elements {(3, 2), (1, 3), (2, 1), (1, 4), (2, 4), (3, 4)}
as independent constraints from each equation (2.3), and write their collection
as A(ρ) = 0. The Jacobian of A(ρ) = 0 is denoted as JA, traditionally it is
named as the rigidity matrix. If a creased paper has I inner vertices, J inner
creases and H holes, the number of equations is 3I + 6H, and the number of
variables is J , hence the size of JA is (3I+6H)×J . Note that now the solution
space is larger than WP,C . If verifying the solution of A(ρ) = 0 with equations
(2.2) and (2.3), the result could be some rotation matrices containing 0 and ±1
apart from the Identity, but they can be easily removed.
Definition 3.1. At a point ρ in the configuration space of a given creased paper,
a first-order flex dρ is a vector in the tangent space, which can be expressed
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as JA · dρ = 0. If the solution space of JA · dρ = 0 is {0}, or equivalently,
rank(JA) = J , the creased paper is said to be first-order rigid at ρ, otherwise
first-order rigid-foldable.
Next we provide an example of writing the Jacobian JA for a large creased
paper in a global coordinate system (figure 3). First, each inner crease is as-
signed a direction vector, then follow the labelling of vertices and folding angles,
write down the incidence matrix D between them. If vertex i is incident to inner
crease j and the direction vector goes outward i, Dij = 1; if the direction goes
toward i, Dij = −1, otherwise Dij = 0. D is a sparse matrix.
D =

1 1 1 1 1 0 0 0 0 0 0
−1 0 0 0 0 1 0 0 0 0 0
0 −1 0 0 0 −1 1 1 0 0 0
0 0 −1 0 0 0 0 0 0 0 1
0 0 0 −1 0 0 0 0 0 0 0
0 0 0 0 −1 0 0 0 0 0 0
0 0 0 0 0 0 −1 0 0 0 0
0 0 0 0 0 0 0 −1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 −1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 −1 0
0 0 0 0 0 0 0 0 0 0 −1

(3.4)
Here the inner vertices are {1, 3}. We take out the rows of D corresponding
with these inner vertices and rearrange them, the result is:
Lv =
[
1 1 1 1 1 0 0 0 0 0 0
0 −1 0 0 0 −1 1 1 0 0 0
]
(3.5)
Next, the vertices on boundary of the hole are {4, 8, 9, 11}. We sum up
the rows of D corresponding with vertices on the boundary of each hole and
rearrange them, the result is
Lh =
[
0 0 −1 0 0 0 0 −1 1 1 1 ] (3.6)
From equations (3.1) and (3.2), the Jacobian JA is obtained by multiplying
pj to column j in L
v, and multiplying [pj ;Oj × pj ] to column j in Lh, then
stitching them together.
JA =
 p1 p2 p3 p4 p5 0 0 0 0 0 00 −p2 0 0 0 −p6 p7 p8 0 0 00 0 −p3 0 0 0 0 −p8 p9 p10 p11
0 0 −O4 × p3 0 0 0 0 −O8 × p8 O9 × p9 O11 × p10 O4 × p11

(3.7)
where pi (1 ≤ i ≤ 11) are the direction vectors of each inner crease, Oj
(j = 4, 8, 9, 11) are the position of vertices on boundary of the hole. All of them
are in the global coordinate system. The size of JA is 12× 11.
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Remark 3.1. The Jacobian JA can also be explained from the analytical me-
chanics. First, around each single vertex, the relative virtual rotation between
panel Pn and Pj is x1δρ1 + x2δρ2 + ... + xjδρj . After returning to Pn, the
relative virtual rotation should be 0, therefore,
n∑
j=1
xjδρj = 0 (3.8)
Then around each hole, equation (3.8) still holds. The relative virtual displace-
ment between origin On and Oj is O1×x1δρ1 +O2×x2δρ2 + ...+Oj ×xjδρj .
Hence similarly we have
n∑
j=1
Oj × xjδρj = 0 (3.9)
4 Static Rigidity
In this section we will consider the behaviour of a creased paper (P,C) under
a set of equilibrium forces and torques. First, we need to find a proper form of
load and stress for a creased paper.
4.1 Finding the form of load and stress
Suppose a creased paper has I inner vertices, J inner creases and H holes, the
size of JA is (3I + 6H)× J . From the perspective of kinematics we have
JA · dρ = 0 (4.1)
The dimension of first-order flexes is J−rank(JA). By inspection or the principle
of virtual work, from the perspective of equilibrium we should have [6].
(JA)T · σ + l = 0 (4.2)
where σ is the stress and l is the load. If l = 0, the self-stress σs satisfies:
(JA)T · σs = 0 (4.3)
The load l and first-order flex dρ, as well as the stress σ and generalized strain
0, are work conjugates, and the work is zero.
lT · dρ = −σT · JA · dρ = 0 (4.4)
This principle holds for all mechanisms, for example the bar-joint framework
(provided in the Appendix). Hence from the above correspondence we claim
that, the load should be torques applied on each inner crease (figure 5). Remark
3.1 shows that the generalized strain 0 in equation (4.1) is zero rotation of
local coordinate systems around each vertex, as well as zero rotation of local
coordinate systems and displacement of vertices on the boundary around each
hole. Therefore, the stress inside a creased paper should be a torque on each
inner vertex, and a torque and a force on each hole. The equilibrium on each
vertex or each hole is the projection of stress (or the torque of stress) on each
inner crease reaches equilibrium with the load applied on.
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Figure 4: Illustration of the first-order error in equation (3.3) for a single-vertex
creased paper. (a) shows the consistency constraint around each inner vertex
or hole with a ring in a global coordinate system. (b), (c) and (d) show the
error related to δρ along each axis. When there is a stress, for each component
Mx,My,Mz, (b), (c) and (d) are the deformation of each component respectively
when there is a cut. These deformation are constant rotation, which are also
work conjugate of each torque component.
Physically, the stress can be interpreted as ”resistance of linkage induced by
load” around each single-vertex or single-hole. An illustration from an elastic
view is provided in Figure 4. Take a single-vertex as an example, a stress
is a torque σm with 3 components in a global coordinate system inside the
consistency constraint, shown by an elastic ring in Figure 4(a). When the ring
is cut, for each component of stress there would be a corresponding constant
rotation, which is the work conjugate of torque component. Here a cut releases
3 components of stress, while if there is a hinge, only the component along this
hinge will be released. which reaches equilibrium with the load applied on that
hinge. If written analytically,
pTj · σm + lj = 0 (4.5)
This is exactly equation (4.2). From the Jacobian, for a single-hole creased
paper at folding angle ρj , the stress [σm;σf ] has 6 components of torques and
forces, which satisfies:
pTj · σm + (Oj × pj)T · σf + lj = 0 (4.6)
Equation (4.6) equals to
pTj · (σm + σf ×Oj) + lj = 0 (4.7)
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Here the torque inside the consistency constraint is σm + σf ×Oj , depending
on which vertex the cut is incident to. Further, if there is a self-stress, it will
be a special case with zero load, which can also be interpreted as ”geometric
incompatibilities that cannot be closed by rotation of panels”.
The table below shows the correspondence of bar-joint framework and rigid
origami.
Bar-joint framework Rigid origami
Body joint inner crease
Freedom of body 3 1
Linkage bar vertex or hole
Stress force/length torque or force
Load force torque
Table 1: This table compares the statics of bar-joint framework and rigid
origami. In rigid origami we claim that the body is each inner crease with
only 1 freedom (the magnitude of folding angle), and the linkage is each ”clo-
sure” of the creased paper, specifically, each vertex or hole. Stress is on each
linkage and reach equilibrium with the load on each body. Hence the stress in-
side a creased paper should be a torque on each inner vertices, and a torque and
a force on each hole; the load should be torques applied on each inner crease.
In this form of stress and load, the relation of first-order rigidity and static
rigidity is clear, we list the definitions and conclusion here.
Definition 4.1. A rigidly folded state (ρ, λ) of a creased paper (P,C) can
resolve a load l if there is a stress satisfying equation (4.2). If (ρ, λ) can resolve
every load, it is statically rigid. If there is only zero self-stress, the creased paper
is said to be independent. If a creased paper is first-order rigid and independent,
it is isostatic.
Theorem 4.1. The following statements for a rigidly folded state (ρ, λ) of a
creased paper (P,C) are equivalent:
(1) (ρ, λ) is first-order rigid.
(2) (ρ, λ) is statically rigid.
(3) The dimension of the collection of self-stress at (ρ, λ) is 3V − J + 6H.
Proof. For the Jacobian JA, a null kernel is equivalent to a full image. The
rank of its cokernel when the kernel is null is 3V − J + 6H.
4.2 Examples of stress and self-stress
Two examples on stress and self-stress are shown in Figure 5. Figure 5(a) is
a planar degree-3 single-vertex creased paper. The coordinates are O(0, 0, 0),
A(1, 0, 0), B(−1
2
,
√
3
2
, 0), C(−1
2
,−
√
3
2
, 0). The Jacobian is:
JA =
 1 − 12 − 120 √32 −√32
0 0 0
 (4.8)
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Figure 5: Illustration of stress and load in rigid origami. (a) shows a pla-
nar degree-3 single-vertex creased paper, and (b) shows a degree-5 single-hole
creased paper. Here the load for each inner crease is a pair of opposite torques
applied on adjacent panels. The stress is a torque on each inner vertex, and a
torque and a force on each hole. The equilibrium on each vertex or each hole
is the projection of stress (or the torque of stress) on each inner crease reach
equilibrium with the load applied on. If consider the reaction between the imag-
inary panels adjacent to the dashed lines, in (a) and (b) the torques are σm and
σm + σf ×O3, which illustrates the stress on a single creased paper.
How the load is applied on is shown by the arrows. The direction vector of each
inner crease points outside the creased paper. Torques that are of the same
magnitude but different direction are applied on a pair of panels adjacent to an
inner crease. A load is positive if it does positive work, or makes the folding
angle increase, and in the figure positive loads are shown. Since rank(JA) = 2,
here both the non-trivial first-order flex and self-stress are of dimension 1, and
the load that can be resolved is of dimension 2. The non-trivial first-order flex
is:
dρ =
 11
1
 (4.9)
The load that can be resolved is in the form of {M1,M2,−M1 −M2}, and the
stress is:
σ =
 −M1−√33 (M1 + 2M2)
σ
 (4.10)
σ ∈ R, then the self-stress is
σs =
 00
σ
 (4.11)
Figure 5(b) shows a degree-5 single-hole creased paper. The coordinates are
O1(0, 0, 0), O2(1, 0, 0), O3(1, 1, 0), O4(0, 1, 0), A(−
√
2
2
,−
√
2
2
, 0), B(1,−
√
2
2
, 0),
11
C(1 +
√
2
2
, 0, 0), D(1 +
√
2
2
, 1 +
√
2
2
, 0), E(0, 1, 1). The Jacobian is:
JA =

−
√
2
2 0 1
√
2
2 0
−
√
2
2 −1 0
√
2
2 0
0 0 0 0 1
0 0 0 0 1
0 0 0 0 0
0 −1 0 0 0
 (4.12)
Since rank(JA) = 4, the non-trivial first-order flex is of dimension 1, the self-
stress is of dimension 2, and the load that can be resolved is of dimension 4.
The non-trivial first-order flex is:
dρ =

dρ1
0
0
dρ1
0
 (4.13)
dρ1 ∈ R. The load that can be resolved is in the form of {M1,M2,M3,−M1,M4},
and the stress is:
σ =

−M3√
2M1 +M3
σ1
M4 − σ1
σ2
−√2M1 +M2 −M3
 (4.14)
σ1, σ2 ∈ R, then the self-stress is:
σs =

0
0
σ1
−σ1
σ2
0
 (4.15)
4.3 When being applied a general load
Although the theory above makes sense, a problem is, the load here does not in-
clude forces, and not all torques applied on the creased paper can be represented
by pairs of opposite torques applied on adjacent panels around each inner crease.
If we assume a random set of equilibrium forces and torques (either discrete or
continuous), which is named as a general load, it is unique to find equivalent
force and torque applied on a specific point of each panel. The form of stress
would be reaction forces between each pair of panels. If there are K panels,
there would be 3K − 3 independent entries of force and torque. The response
of a creased paper under a general load can be described by a corresponding
double-coning framework introduced below. It is simpler than considering the
reaction forces between panels and listing the equilibrium equation on force and
torque of each panel.
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(a) (b)
AA
Figure 6: Example of a double-coning framework of a creased paper. In (b) the
bars corresponding to the inner creases of the creased paper are coloured red.
Other bars form the double coning.
Definition 4.2. Given a creased paper (P,C), a corresponding double-coning
framework GP,C for (P,C) is generated by replacing the boundary of each panel
by a series of bars and joints. Then adding two out-of-plane vertices on different
side of the panel, and joining the two vertices to each of the vertex on the panel
with a bar.
We provide the basics of a bar-joint framework in the Appendix. The double-
coning of each panel is first-order rigid in R3 [7], hence also statically rigid. Note
that in most cases this rigidity is redundant, i.e. after removing some bars the
framework might still be first-order rigid, since there are 3v bars but usually
only 3v − 6 bars are needed for first-order rigidity. This redundancy will lead
to some uncertainty when calculating the stress on each bar, which is allowed
in such multi-rigid-body system.
Proposition 4.1. The response of a creased paper (P,C) under a general load
can be studied following the steps below:
(1) Obtain its corresponding double-coning framework GP,C(p).
(2) For each panel, derive the equivalent force applied on one of the apex of
the cone; and the torque applied on this panel.
(3) The torque perpendicular to the panel is equivalent to in-plane force couple
applied on the vertices of the panel. The in-plane torque is equivalent to
force couple applied on the two out-of-plane vertices.
(4) Based on the forces applied on vertices of GP,C(p) after equivalence, cal-
culate the stress in each bar.
(5) The forces between panels are in the form of joint forces at each vertex of
the creased paper, which can be calculated directly.
From the modelling of a creased paper and its corresponding double-coning
bar-joint framework, the next proposition for a general load holds.
Proposition 4.2. Consider a rigidly folded state (ρ, λ) of a creased paper
(P,C),
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(1) (ρ, λ) can resolve a general load if and only if GP,C(p) can resolve this
load.
(2) (ρ, λ) is statically rigid if and only if GP,C(p) can resolve any general load.
(3) (ρ, λ) is first-order rigid if and only if GP,C(p) is first-order rigid.
(4) (ρ, λ) is statically rigid under general load if and only if it is first-order
rigid.
It is natural to compare a load (subsection 44.1) and a general load (sub-
section 44.3) in our discussion above. Here we claim that, only load is effective
when considering the possible rotation of panels since it is the work conjugate
of first-order flex. Suppose there are I inner vertices, J inner creases and H
holes, first the number of panels is K = −I + J −H + 1. This is because the
number of vertices and creases on the boundary ∂P are the same, denoted by
Z. From the Euler’s formula,
(I + Z)− (J + Z) +K = 1−H
Hence,
K = −I + J −H + 1 (4.16)
Since the load and stress form a linear system in the equilibrium equation,
we could apply the superposition principle to study each part of a general load
separately.
Proposition 4.3. (Superposition principle) For all linear systems, the net re-
sponse caused by two or more stimuli is the sum of the responses that would
have been caused by each stimulus individually.
The 3K − 3 independent entries of force and K − 1 independent entries of
torque can be interpreted by a corresponding double-coning framework, since
the effect of these components is not pure rotation of panels along the inner
creases. For the remaining 2K − 2 = −2I + 2J − 2H in-plane components of
torques, we claim that only J of them are independent and effective on pure
rotation of panels around inner creases. Therefore in general, if J > 2I + 2H,
these in-plane components of torques cannot be represented by load applied on
each inner crease. The −2I + J − 2H components of torques are redundant
when consider the pure rotation of a creased paper.
4.4 A counting on self-stress
In this section we provide a counting of the dimension of self-stress of a creased
paper, a corresponding double-coning framework, and a body-hinge structure.
Physically, a self-stress is a set of internal forces in the linkage in equilibrium
with zero external load, which can be considered equivalently as the number
of overconstraints, or independent geometric incompatibilities. Suppose the
dimension of the first-order flex of the above three models are the same, denoted
by m; and there is a creased paper with I inner vertices, J inner creases, K
panels and H holes. From the size of JA, the dimension of self-stress of the
creased paper is:
s1 = 3I − J + 6H +m (4.17)
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We then calculate the dimension of self-stress of a corresponding double-
coning framework. From equation (4.16), the number of vertices of the corre-
sponding double-coning framework is:
(I + Z) + 2K = −I + 2J − 2H + Z + 2
The number of bars of the corresponding double-coning framework is:
3(2J + Z)− J = 5J + 3Z
Hence
s2 = 5J + 3Z − [3(−I + 2J − 2H + Z + 2)− 6−m]
= 3I − J + 6H +m (4.18)
From the generalized mobility rule, if counted as a body-hinge structure [8]:
s3 = 6(K − 1)− 5J − 6
= 6I − J + 6H +m (4.19)
Now the conclusion is s1 = s2 = s3 − 3I, an explanation on the extra self-
stress, or equivalently, the overconstraints, are provided in [8].
5 Pre-stress Stability
In this section we concern the stability of a rigid but not statically rigid creased
paper, and how would the stability change if a pre-stress is added. Suppose a
creased paper (P,C) has I inner vertices, J inner creases, K panels and H holes.
A certain energy function will be defined with respect to a stress ω ∈ R3I+6H
and a set of folding angles ρ ∈ RJ . Intuitively the energy should increase if
larger pre-stress applied and larger misfits induced by a folding angle, as a cost
to be paid when the constraint is violated.
Definition 5.1. Suppose a creased paper (P,C) has I inner vertices, J inner
creases and H holes, and the collection of consistency constraints is written as
A(ρ) = 0. The energy function is in the form of:
E =
I+H∑
i=1
fi(A) (5.1)
f = {fi} (1 ≤ i ≤ I + H) are the energy of each single-vertex or single-hole
creased paper. Each of them is required to have continuity C2.
Remark 5.1. Since there might be pre-stress applied on each single creased pa-
per, locally the energy function does not reach minimum. However, a necessary
condition for the total energy to reach a strict local minimum is the Jacobian
equals to 0.
The partial derivative of E with respect to ρj (1 ≤ j ≤ J) is
∂E
∂ρj
=
∂E
∂Ai
∂Ai
∂ρj
(5.2)
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If written in a compact form:
JE = (
dE
dA
)T · JA (5.3)
A necessary condition for the total energy to reach a strict local minimum is,
(
dE
dA
)T · JA = 0 (5.4)
That is to say the first-order derivative of energy with respect to A is a self-
stress. Physically, Since A(ρ) is the misfit of translation for each single-vertex
creased paper, and misfit for translation and rotation for each single-hole creased
paper, the partial derivative of energy with respect to these misfits is the stress.
Consider the Hessian of energy,
∂2E
∂ρk∂ρj
=
∂2E
∂Al∂Ai
∂Al
∂ρk
∂Ai
∂ρj
+
∂E
∂Ai
∂2Ai
∂ρk∂ρj
(5.5)
If written in a compact form, using H for Hessian,
HE = (JA)T · d
2E
dA2
· JA+ ( dE
dA
)T ·HA (5.6)
a sufficient condition for the energy at a rigidly folded state to be a strict
local minimum is HE being positive definite. Here
d2E
dA2
is a diagonal block
matrix stitched by the Hessian of energy of each single creased paper, whose
size is (3I + 6H)× (3I + 6H). HA is the Hessian of the consistency constraints
A(ρ) = 0, an order 3 tensor. The second-order derivative of equations (2.2)
and (2.3) are:
If 1 ≤ k ≤ j ≤ n,
∂2Rn
∂ρk∂ρj
=
 −bkbj − ckcj bkaj ckajakbj −ckcj − akaj ckbj
akcj bkcj −akaj − bkbj
 (5.7)
∂2Tn
∂ρk∂ρj
=

−bkbj − ckcj bkaj ckaj
akbj −ckcj − akaj ckbj pk ×Oj × pj
akcj bkcj −akaj − bkbj
0 0 0 0

(5.8)
otherwise for 1 ≤ j < k ≤ n,
∂2Rn
∂ρk∂ρj
=
∂2Rn
∂ρj∂ρk
,
∂2Tn
∂ρk∂ρj
=
∂2Tn
∂ρj∂ρk
(5.9)
For each single creased paper, pj = [aj ; bj ; cj ] is the direction vector of inner
crease ρj measured in the global coordinate system, pointing outside the single
creased paper. For a single-hole creased paper, Oj is the position of vertex on
the hole incident to ρj measured in the global coordinate system. The derivation
is shown in Appendix B.
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Definition 5.2. A rigidly folded state (ρ, λ) of a creased paper (P,C) is pre-
stress stable if there is a positive-definite matrix B ∈ R, and a self-stress ω ∈
R3I+6H such that
ωT · JA = 0 (5.10)
and
K = (JA)T ·B · JA+ ωT ·HA (5.11)
is positive-definite. Physically, B is the stiffness matrix, which is the Hessian
of the energy of all single creased papers. B is required to be positive-definite
since we hope the total energy will increase as the constraint is violated. K
is called the tangent stiffness matrix or total stiffness matrix. We say this ω
stabilize (ρ, λ).
Remark 5.2. From equation (5.1), B is a diagonal block matrix, and we require
the hessian of energy of each single creased paper to be also positive-definite.
Although since the existence of pre-stress, the energy of each single creased
paper does not reach a local minimum, it is still reasonable for this energy to
increase as the constraint is violated.
From Definition 5.2, if a creased paper is first-order rigid-foldable and there
is no pre-stress added, it is not stable. Hence if the configuration is fixed, the
point is to find the collection of self-stress to stabilize the creased paper.
Proposition 5.1. Some propositions concerning the positive (semi)-definiteness
of the stiffness matrices.
(1) (JA)T ·B · JA is positive semi-definite, and the kernel is the collection of
first-order flexes {ρ′}.
(2) If M is positive semi-definite, the kernel of its quadratic form equals to
the kernel of its linear form.
(3) If M1 is positive semi-definite with kernel V , there exists a t > 0 s.t.
M1+tM2 is positive-definite if and only ifM2 is positive-definite restricting
on V .
(4) (ρ, λ) is pre-stress stable if and only if ωT ·HA is positive-definite restrict-
ing on {ρ′}.
Proof. Statement (1): Set x = JA · δρ, δρ ∈ RJ , consider the quadratic form,
if x 6= 0,
δρT · (JA)T ·B · JA · δρ = xTCx > 0 (5.12)
therefore the kernel of (JA)T ·B · JA is the collection of first-order flexes {ρ′}.
Statement (2): If Mx = 0, xTMx = 0. If xTMx = 0, since M is positive
semi-definite, it can be diagonalized to D = PMPT , where D is a non-zero
diagonal matrix with eigenvalues Dij ≥ 0. T is an orthogonal matrix. Then the
solution space of Px in (Px)TDPx = 0 is the eigenspace corresponding with
eigenvalue 0. therefore for such x, Mx = PTDPx = 0.
Statement (3): Necessity: if M2 is not positive-definite restricting on V ,
there exists x 6= 0 ∈ V s.t. xTM2x ≤ 0, which means for any t > 0, xT (M1 +
tM2)x ≤ 0, then M1 + tM2 is not positive-definite.
Sufficiency: When M2 is positive-definite restricting on V , if x 6= 0 ∈ V , for
any t > 0, xT (M1 + tM2)x > 0. If x 6= 0 /∈ V , suppose ||x|| = 1, since this set
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is compact, there exists δ > 0 s.t. xTM1x ≥ δ and xTM2x ≥ −||M2||, then we
can choose 0 < t < δ/||M2|| s.t. xT (M1 + tM2)x > 0. The consider ||x|| 6= 1,
choosing the same t, xT (M1 + tM2)x/||x||2 > 0.
Statement (4) follows (3).
An example of pre-stress stable but not first-order rigid creased paper is the
planar degree-3 vertex shown in Figure 5(a). Here the Hessian HA is:
HA =
0; 0;
 0
√
3
2 −
√
3
2√
3
2 −
√
3
4
√
3
4
−
√
3
2
√
3
4
√
3
4

 (5.13)
and
ωT ·HA = σ
 0
√
3
2 −
√
3
2√
3
2 −
√
3
4
√
3
4
−
√
3
2
√
3
4
√
3
4
 (5.14)
the quadratic form with respect to the first-order flex is
ρ′T · ωT ·HA · ρ′ =
√
3
2
σ (5.15)
therefore if σ > 0, i.e, with a positive self-stress, the creased paper is stable,
while with a non-positive self-stress the creased paper is not stable.
6 Second-order Rigidity
In kinematics a first-order flex corresponds with ”speed”. Here we introduce the
second-order flex, which corresponds with ”acceleration” in kinematics, and we
will show its link with the pre-stress stability. At a point ρ in the configuration
space of a given creased paper, a first-order flex ρ′ satisfies equation (6.1),
A′(ρ) = JA · ρ′ = 0 (6.1)
Similarly, a second-order flex (ρ′,ρ′′) satisfies equation (6.2),
A′′(ρ) = ρ′T ·HA · ρ′ + JA · ρ′′ = 0 (6.2)
Definition 6.1. At a point (ρ, λ) in the configuration space of a given creased
paper, a second-order flex (ρ′,ρ′′) ∈ ([−pi, pi]J , [−pi, pi]J) satisfies
∂Ai
∂ρj
ρ′j = 0
∂2Ai
∂ρj∂ρk
ρ′jρ
′
k +
∂Ai
∂ρj
ρ′′j = 0
(6.3)
If written in a compact form,
JA · ρ′ = 0
ρ′T ·HA · ρ′ + JA · ρ′′ = 0 (6.4)
where JA and HA is the Jacobian and Hessian of the consistency constraints
A(ρ) = 0. A second-order flex with ρ′ = 0 is called trivial, otherwise non-
trivial. If there is only trivial second-order flex, the creased paper is said to be
second-order rigid at ρ, otherwise second-order rigid-foldable.
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Proposition 6.1. The relation between pre-stress stability and second-order
rigidity.
(1) There is a solution for a real linear system Ax = b if and only if for all
wA = 0, wb = 0.
(2) A non-zero first-order flex ρ′ can be extended to a second-order flex ρ′′ if
and only if for all self-stress ω, ρ′T · ωT ·HA · ρ′ = 0.
(3) A creased paper is second-order rigid if and only if for all non-zero first
order-flex ρ′ there is a self-stress ω(ρ′) s.t., ρ′T · ωT ·HA · ρ′ > 0.
(4) An independent and first-order rigid-foldable creased paper is not second-
order rigid.
(5) If a creased paper is second-order rigid with rank(JA) = J−1 or rank(JA) =
3I + 6H − 1, it is pre-stress stable.
Proof. Statement (1): There is a solution for a real linear system Ax = b if and
only if rank(A) = rank(A|b). If and only if for all wA = 0, wb = 0, the cokernel
of A is the same as A|b, therefore the rank is the same.
Statement (2) follows from (1) if regarding A as JA and b as −ρ′T ·HA ·ρ′.
Statements (3): The inverse negative proposition of (2) is: A creased paper
is second-order rigid if and only if for all non-zero first order-flex ρ′ there is a
self-stress ω(ρ′) s.t., ρ′T · ωT · HA · ρ′ 6= 0. Further, if ρ′T · ωT · HA · ρ′ < 0,
replace ω by −ω the quadratic form will be positive.
Statement (4) follows (2), since independent means there is only 0 self-stress.
Statement (5): If the dimension of first-order flex or self-stress is 1, ωT ·HA
will be positive-definite for all first-order flex.
Note that pre-stress stability requires a uniform self-stress ω for every first-
order flex such that the quadratic form is positive, while the second-order rigidity
requires a local self-stress ω(ρ′) for every first-order flex such that the quadratic
form is positive. Physically, such a ω(ρ′) ”blocks” a possible second-order flex
for a given first-order flex.
7 Relation among different kinds of rigidity
In this section we introduce the relation among the rigidity discussed in the
above sections, which are also illustrated in Figure 1.
Theorem 7.1. The relation among first-order/static rigidity, pre-stress stabil-
ity, second-order rigidity and global rigidity.
(a) If a creased paper is first-order rigid (or statically rigid), it is pre-stress
stable.
(b) If a creased paper is pre-stress stable, it is second-order rigid.
(c) If a creased paper is second-order rigid, it is rigid.
(d) If the energy in equation (5.1) reaches a unique minimum at (ρ, λ) for
ρ ∈ [−pi, pi]J , this creased paper (P,C) is globally rigid.
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Proof. Statement (1): From Proposition 5.1, now (JA)T · B · JA is positive-
definite, then ω = 0 will stabilize the rigidly folded state.
Statement (2): If a creased paper is pre-stress stable, ωT · HA is positive-
definite restricting on the collection of first-order flex {ρ′}. From statement (3)
of Proposition 6.1, it is second-order rigid.
Statement (3): We first present an equivalent definition of second-order rigid-
ity with respect to the normalized folding angle t = tan (ρ/2), since it is easier
to finish the proof within a polynomial system.
Definition 7.1. At a point (t, λ) in the configuration space of a given creased
paper, a second-order flex (t′, t′′) ∈ (RJ ,RJ) satisfies
∂Ai
∂tj
t′j = 0
∂2Ai
∂tj∂tk
t′jt
′
k +
∂Ai
∂tj
t′′j = 0
(7.1)
whereA(t) = 0 is the polynomial form of consistency constraints with respected
to the normalized folding angles, and we have
∂Ai
∂tj
=
2
1 + t2j
∂Ai
∂ρj
∂2Ai
∂tj∂tk
=
4
(1 + t2j )(1 + t
2
k)
∂2Ai
∂ρj∂ρk
(7.2)
A second-order flex with t′ = 0 is called trivial, otherwise non-trivial. If there is
only trivial second-order flex, the creased paper is said to be second-order rigid
at ρ, otherwise second-order rigid-foldable.
We use the analytic definition of rigidity provided in [3] and prove by contra-
diction. Suppose there is an analytical flex γ : [0, 1] 3 s → {(t, λ)}P,C starting
from (t, λ):
γ = t+
∞∑
n=1
ans
n, A(γ) ≡ 0 (7.3)
where not all an = 0. If ak 6= 0 is the first non-zero term, re-parametrize γ by
s = sk, then
γ = t+ aks+
∞∑
n=k+1
ans
n/k, A(γ) ≡ 0 (7.4)
(ak, 2a2k) would be a second-order flex, which is non-trivial and satisfies equa-
tion (7.1), therefore if (t, λ) is rigid-foldable, it is not second-order rigid.
Statement (4): If there is another realization (ρ, λ), the energy will have an
extra minimum.
8 Numerical methods for rigidity analysis
In this section we are considering a systematic way to determine the rigidity of
a creased paper when the size of JA is large. Possibly it will be combined with
numerical tools. Several important questions are:
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(1) How to determine the first-order rigidity of a creased paper.
(2) If given a self-stress, will it stabilize a first-order rigid-foldable creased
paper.
(3) How to find the collection of self-stresses that can stabilize a first-order
rigid-foldable creased paper.
(4) If given a first-order flex, would it be extended to a second-order flex.
(5) How to find the collection of first-order flexes that could be extend to a
second-order flex.
For question (1), if known the position of each vertex, the direction vectors
could be calculated directly, then the Jacobian in the global coordinate system
is obtained. Now the task is to solve a large sparse linear system, which has
been well studied [9, 10].
Questions (2) is the forward problem of determining pre-stress stability. The
answer to (2) is how to determine the positive definiteness of ωT ·HA restricting
on {ρ′}. First we have,
Proposition 8.1. A matrix M ∈ R is positive definite if and only if 1
2
(M+MT )
is positive definite.
Now we only need to consider the symmetric part, whether
1
2
[ωT · HA +
(HA)T ·ω] is positive-definite on {ρ′}. The modified Lanczos algorithm [11, 12]
could be implemented to find the eigenvalues and eigenvectors for a large, sparse,
real and symmetric matrix. From solving a large sparse linear system, we could
find the bases of {ρ′} in these orthogonal eigenvectors. If there is an eigenvector
corresponding to a non-positive eigenvalue, ωT · HA is not positive-definite on
{ρ′}.
Question (3) is the inverse problem of determining pre-stress stability. From
solving a large sparse linear system, we could obtain the bases of the collection
of self-stresses {ω}. Now the problem is is there a linear combination of the
product of each base with the Hessian {ω}i ·HA that is positive definite on {ρ′}.
A similar problem called semi-definite programming has been well studied [13],
which is to
minimize cTx
s.t.
∑
xiMi positive semidefinite
(8.1)
where c ∈ Rn is a known vector, M ∈ Rn×n are known symmetric matrices,
and x ∈ Rn is to determine. It is natural regarding each Mi as the symmetric
part of each {ω}i ·HA, and the algorithm will find a positive semi-definite linear
combination of Mi. Usually x will make
∑
xiMi positive definite.
Note that in questions (2) and (3) even a stabilizing self-stress ω is found, the
proof of existence of t is not constructive in Proposition 5.1. Other techniques
need to be applied to determine how small t has to be.
Question (4) is the forward problem of determine second-order rigidity. From
statement (2) in Proposition 6.1, the problem is to consider whether the given
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first-order flex ρ’ is in the zero set of quadratic form of every {ω}i ·HA. If not,
ρ’ could be extended to a second-order flex.
Question (5) is the inverse problem of determining second-order rigidity.
Note that the result might not be a linear subspace of all first-order flex, since
the sum of two first-order flex in the zero set mentioned above might not in the
zero set. If denote the bases of {ρ′} by ρ′j , and
ρ′ = cjρ′j
then the quadratic form for every {ω}i ·HA is
ρ′T · ωTi ·HA · ρ′ = cjckρ′Tj · ωTi ·HA · ρ′k
This is a quadratic system for cj with J unknowns and 3I+ 6H equations. The
numerical solution for a polynomial system has been well studied, one package
is provided in [14] using continuation method.
9 Conclusion
This paper analyses the statics of a creased paper in rigid origami, or the panel-
hinge model in the rigidity theory. We find the form of load and stress in a
creased paper when it is static, and show the equivalence of first-order rigidity
and static rigidity. Further we introduce the pre-stress stability and second-
order rigidity for rigid origami and proved the relation among these rigidity.
A discussion on numerical methods for the forward and inverse problem in
determining these rigidity is presented at the end.
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Appendix
A Preliminaries on a bar-joint framework
Here we introduce the basics of a bar-joint framework in R3 [1].
Definition A.1. A simple graph G can be written as a pair of its vertices and
edges G = (V,E). Suppose there are v vertices and e edges. A configuration
p = (p1, p2, ..., pv) is the position of all vertices, such that pi 6= pj for each
{i, j} ∈ E. A bar-joint framework G(p) is a graph G and a configuration p.
Here a vertex is called a joint, and an edge is called a bar. Given a graph G and
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the length of all edges lij , if there is a configuration p, such that ||pi− pj || = lij
for each {i, j} ∈ E, this p is called a realization of G. If there exists a deleted
neighbourhood of a realization p such that no configuration is a realization,
then p is rigid, otherwise p is flexible.
Since the geometry constraint of a bar-joint framework is ||pi − pj || = lij ,
it is natural to calculate the Jacobian for the information of first-order rigidity.
The Jacobian, i.e, rigidity matrix RG of a realization p with graph G is the
matrix form of:
(pi − pj)(dpi − dpj) = 0 (A.1)
Definition A.2. At a realization p of a given bar-joint framework, a first-order
flex dp is a vector in the tangent space, which can be expressed as RG ·dp = 0.
A trivial first-order flex is the “speed” of rotation and translation among all
the first-order flexes, which can be written as ∀i,dpi = piS + t. Here S is a
constant skew-symmetric matrix (for rotation) and t is a constant vector (for
translation). If the solution space of RG · dp = 0 is the collection of trivial
first-order flexes, or equivalently, rank(RG) = 3v − 6, the creased paper is said
to be first-order rigid at p, otherwise first-order flexible.
If applying a set of equilibrium forces and torques on a bar-joint framework,
apart from the component of torque that is along the bar, for other load it is
equivalent to two forces f1, f2 applied on the two joints of this bar, which is
realized by integrating load applied on the bar then making a decomposition.
The component of torque that is along the bar will make it “spinning”, which
is not crucial in the analysis of statics. Now the loads for a bar-joint framework
are equivalent to forces applied on each joint, then the stress would be related
to the axial forces on each bar. Consider the equilibrium of each joint, we have
the following on the static rigidity of a bar-joint framework.
Definition A.3. A bar-joint framework can resolve a set of equilibrium forces
applied on its joints at a realization p if each joint is in equilibrium, i.e. the
following equation has a solution∑
j
σij(pi − pj) + Fi = 0 (A.2)
where σij is the axial force per length (or called stress) on the bar joining vertices
i and j, Fi is the external force applied on vertex i. If we denote σ = {ωij} (in
total e entries) and F = {Fi}, the matrix form of the above equation is:
σ ·RG + F = 0 (A.3)
A bar-joint framework is statically rigid at a realization p if it can resolve every
set of equilibrium forces applied on its joints. When F = 0, σ is called the
self-stress, denoted by ω.
ω ·RG = 0 (A.4)
Proposition A.1. The following statements for a realization p of a bar-joint
framework G are equivalent:
(1) G(p) is first-order rigid.
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(2) G(p) is statically rigid.
(3) The dimension of the collection of self-stress at p is e− 3v + 6.
Proof. For the rigidity matrix RG, a null kernel is equivalent to a full image.
The rank of its cokernel when the kernel is null is e− 3v + 6.
B First-order and second-order derivative of the
consistency constraints
First we work on the first-order derivative. All the products used in this section
are post-multiplication. For equation (3.1), it is known that
Rn =
n∏
i=1
Ri = I (B.1)
for a set of folding angles ρ in the configurations space, hence (
1∏
i=j
means pro-
duction from subscript j to 1)
∂Rn
∂ρj
=
(
j−1∏
i=1
Ri
)
dRj
dρj
n∏
i=j+1
Ri =
(
j∏
i=1
Ri
)
RTj
dRj
dρj
1∏
i=j
RTi =
j∏
i=1
Ri
 0 0 00 0 −1
0 1 0
 1∏
i=j
RTi
=
 x1j y1j z1jx2j y2j z2j
x3j y3j z3j
 0 0 00 0 −1
0 1 0
 x1j x2j x3jy1j y2j y3j
z1j z2j z3j
 =
 0 −x3j x2jx3j 0 −x1j
−x2j x1j 0

(B.2)
Here xj = [x1j ;x2j ;x3j ], yj = [y1j ; y2j ; y3j ], zj = [z1j ; z2j ; z3j ] are the direction
vectors of axes xj , yj , zj measured in the coordinate system built on panel Pn.
Next, Tn in equation (2.3) can be written as
Tn =
n∏
i=1
[
Ri vi
0 1
]
= I (B.3)
where vi = [li cos γi, li sin γi, 0]
T is the position of Oi measured in the local
coordinate system built on panel Pi−1, therefore
n∏
i=1
Ri = I (B.4)
n∑
i=1
i−1∏
k=1
Rkvi = 0 (B.5)
The derivative of the left hand side of equation (B.5) with respect to ρj is
∂
∂ρj
(
n∑
i=1
i−1∏
k=1
Rkvi
)
=
n∑
i=j+1
(
j−1∏
k=1
Rk
)
dRj
dρj
i−1∏
k=j+1
Rkvi =
(
j−1∏
k=1
Rk
)
dRj
dρj
n∑
i=j+1
i−1∏
k=j+1
Rkvi
(B.6)
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because
n∑
i=j+1
i−1∏
k=j+1
Rkvi =
 1∏
k=j
RTk
 n∑
i=j+1
i−1∏
k=1
Rkvi = −
 1∏
k=j
RTk
 j∑
i=1
i−1∏
k=1
Rkvi
(B.7)
hence
∂
∂ρj
(
n∑
i=1
i−1∏
k=1
Rkvi
)
= −
(
j−1∏
k=1
Rk
)
dRj
dρj
 1∏
k=j
RTk
 j∑
i=1
i−1∏
k=1
Rkvi = −∂Rn
∂ρj
j∑
i=1
i−1∏
k=1
Rkvi
= −
 0 −x3j x2jx3j 0 −x1j
−x2j x1j 0
 j∑
i=1
i−1∏
k=1
Rkvi = Oj × xj
(B.8)
where
Oj =
j∑
i=1
i−1∏
k=1
Rkvi (B.9)
is the position of origin Oj measured in the local coordinate system built on
panel Pn.
If we consider a large creased paper, the consistency constraints for each sin-
gle creased paper are based on the local coordinate system built on each Pn. In
order to obtain a unified expression of the Jacobian and be more consistent with
the analysis on stress, we then rewrite the collection of independent consistency
constraints as A(ρ) = 0 with the following steps.
(1) Given a creased paper in R3, build a global coordinate system.
(2) For each single creased paper, suppose the (homogenous) transformation
matrix (including rotation and translation) from the local coordinate sys-
tem on Pn to the global coordinate system is T
′, left-multiply T ′ to equa-
tion (2.2) or (2.3).
(3) For each single creased paper, choose elements {(3, 2), (1, 3), (2, 1)} as inde-
pendent constraints from each equation (2.2) and elements {(3, 2), (1, 3), (2, 1), (1, 4), (2, 4), (3, 4)}
as independent constraints from each equation (2.3).
Now in the Jacobian JA, pj = [aj ; bj ; cj ] = [x1j ;x2j ;x3j ] becomes the direc-
tion vector of inner creases in the global coordinate system. Oj becomes the
position of origin Oj in the global coordinate system.
We then derive the Hessian HA. Recall equations (3.1), (3.2) and (B.1), for
1 ≤ k ≤ j ≤ n,
∂2Rn
∂ρk∂ρj
=
(
k−1∏
i=1
Ri
)
dRk
dρk
(
j−1∏
i=k+1
Ri
)
dRj
dρj
n∏
i=j+1
Ri (B.10)
since
j−1∏
i=k+1
Ri =
1∏
i=k
Ri
j∏
i=n
Ri =
1∏
i=k
Ri
j−1∏
i=1
Ri (B.11)
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then
∂2Rn
∂ρk∂ρj
=
(
k∏
i=1
Ri
)
RTk
dRk
dρk
(
1∏
i=k
Ri
)(
j∏
i=1
Ri
)
RTj
dRj
dρj
1∏
i=j
Ri
=
 0 −x3k x2kx3k 0 −x1k
−x2k x1k 0
 0 −x3j x2jx3j 0 −x1j
−x2j x1j 0
 (B.12)
For 1 ≤ j < k ≤ n,
∂2Rn
∂ρk∂ρj
=
 0 −x3j x2jx3j 0 −x1j
−x2j x1j 0
 0 −x3k x2kx3k 0 −x1k
−x2k x1k 0
 (B.13)
Next, recall equations (B.3), (B.4) and (B.5), the second-order derivative of
the left hand side of equation (B.5) when 1 ≤ k ≤ j ≤ n is,
∂2
∂ρk∂ρj
(
n∑
i=1
i−1∏
l=1
Rlvi
)
=
∂
∂ρk
 n∑
i=j+1
(
j−1∏
l=1
Rl
)
dRj
dρj
i−1∏
l=j+1
Rlvi

=
n∑
i=j+1
(
k−1∏
l=1
Rl
)
dRk
dρk
(
j−1∏
l=k+1
Rl
)
dRj
dρj
i−1∏
l=j+1
Rlvi
=
(
k−1∏
l=1
Rl
)
dRk
dρk
(
j−1∏
l=k+1
Rl
)
dRj
dρj
n∑
i=j+1
i−1∏
l=j+1
Rlvi
(B.14)
apply equation (B.7),
∂2
∂ρk∂ρj
(
n∑
i=1
i−1∏
l=1
Rlvi
)
= −
(
k−1∏
l=1
Rl
)
dRk
dρk
(
j−1∏
l=k+1
Rl
)
dRj
dρj
 1∏
l=j
RTl
 j∑
i=1
i−1∏
l=1
Rlvi
= − ∂
2Rn
∂ρk∂ρj
·Oj = xk ×Oj × xj
(B.15)
when 1 ≤ j < k ≤ n,
∂2
∂ρk∂ρj
(
n∑
i=1
i−1∏
l=1
Rlvi
)
= xj ×Ok × xk (B.16)
By rotating each consistency constraints for a single-vertex or single-hole prop-
erly, we are able to write the Hessian HA in the global coordinate system. This
technique is similar when calculating the Jacobian JA. Now pj = [aj ; bj ; cj ] =
[x1j ;x2j ;x3j ] becomes the direction vector in the global coordinate system. Oj
becomes the position of origin Oj in the global coordinate system. If a creased
paper has I inner vertices, J inner creases and H holes, the dimension of HA
is (3I + 6H)× J × J .
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